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1 Time Invariant Frequency Domain Control

This article describes an approach to the control design in frequency domain. This is a
promising vein of design framework, as it is independent of the state-space realization or
the system order, is inherently output feedback, and most suited for systems like wind
turbine, with many natural modes and disturbance which is spectral in nature.

This approach seeks to determine the optimal spectral response of the controller
at all frequencies, independent from each other. It then seeks to realize such spectral
response using causal transfer function or feedforward transfer functions with limited
preview, using the impulse response. In case such response can not be realized exactly
simultaneously for all frequencies, the best fit weighted by the disturbance spectum is
realized.

Figure 1 shows the configuration at hand. It shows C the controller and P the
plant. The feedback vector is z and u and w are the control and the disturbance inputs,
respectively. ya and yb are two vectors of objective variables, whose inner product (norm,
in case two vectors are same) we wish to minimize.

Figure 1: Schematic of the control configuration

Let us denote the corresponding s-domain transfer functions by C(s), Pyw(s), Pyu(s),
Pzw(s) and Pzu(s). Note that this framework allows for inclusion of the disturbance or
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reference preview as well as measurement and process noise through Pzw. It allows the
inclusion of control cost in the objective function through Pyu.

All the variables are corresponding complex spctra at a specific frequency, s = iω.
For brevity, this dependence is omitted form the derivation below. Also note that the
notation A∗ denotes the complex conjugate transpose of the matrix or vector A.

Since we have u = C(Pzww + Pzuu), hence

u = (I − CPzu)
−1CPzww

Using algebra, it is easy to see the following.

ya = Pyauu+ Pyaww = (Pyau(I − CPzu)
−1CPzw + Pyaw)w

yb = Pybuu+ Pybww = (Pybu(I − CPzu)
−1CPzw + Pybw)w

The mean 2-norm of y at a specific frequency can be expressed as

y∗ayb = Tr(y∗ayb) = Tr(yay
∗
b )

= Tr
(
(Pyau(I − CPzu)

−1CPzw + Pyaw)ww
∗(Pybu(I − CPzu)

−1CPzw + Pybw)
∗)

Taking derivative with respect to the controller C, and equating it to zero, we can
solve for the optimal C.

∂y∗ayb
∂C

= (Inz − η(C))P(C)ϵ(C)

where

η(C)
.
= −Pzu(Inu − CPzu)

−1C

P(C)
.
= Pzwww

∗ (P ∗
zwC

∗(Inu − P ∗
zuC

∗)−1
(
P ∗
yauPybu + P ∗

ybu
Pyau

)
+
(
P ∗
yawPybu + P ∗

ybw
Pyau

))
ϵ(C) = (Inu − CPzu)

−1

Here η(C) is the complementary sensitivity function and ϵ(C) is the sensitivity func-
tion. Also note that ∂y∗ayb/∂C is a complex gradient and actual change in y∗y for a
given change in δC is given by the dot product.

δ(y∗ayb) =
∂y∗ayb
∂C

· δC

= 0.5

(
∂y∗ayb
∂C

δC∗ +

(
∂y∗ayb
∂C

)∗
δC

)
The optimal Copt for which P(C) = 0 and thereby ∂y∗ayb/∂C = 0, is given by

Copt = −Xya,ybww
∗P ∗

zw ((Pzw − PzuXya,yb)ww
∗P ∗

zw)
−1

where Xya,yb
.
= (P ∗

yauPybu + P ∗
ybu

Pyau)
†(P ∗

yawPybu + P ∗
ybw

Pyau) and A† .
= (A∗A)−1A∗,

which is the Moore-Penrose pseudo-inverese of A.
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The optimal cost using this controller is

Tr(y∗y)opt = 4 · Tr(MM∗)

where M = PywP
†
zwPzuP

†
yuPyw(I − P †

zwPzuP
†
yuPyw)

−1w

Future directions

• See if measurements of all states z leads to constant LQR gain controller.

• See if this can have any use in optimal sensing selection. (with coupled controller).

• See if this has any relevence/generalizatino in controller structure selection and
structure constrained controller optimization.
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